INTRODUCTION
It is well-known that unlike magnetic monopoles, which admit electrically charged generalizations called dyons, there are no charged finite-energy (static) vortices in the classical Yang-Mills-Higgs (YMH) models, according to the study of Julia and Zee [12] . Since charged vortices are important in problems such as high-temperature superconductivity, proton decay, and quantum cosmology, an effort has been made to modify the YMH models in order to accomodate finite-energy charged vortex solutions. A consensus has now been reached that the correct framework should be the YMH models with a Chern-Simons (CS) term added. It has been argued by Paul and Khare ([14] , [15] ) and de Vega and Schaposnik [2] that with the addition of a CS term in the modified models (both abelian and nonabelian), there exist well-behaved finite-energy charged vortices. More recently, the quantum-mechanical meaning of these solutions has also been explored by several authors including Frohlich and Marchetti ([3] , [4] ). The main ingredient in the work ([14] , [ 15] , [2] ) is a reduction of the field equations of motion through the use of a Nielsen-Olesen type [13] radial ansatz to a coupled system of ordinary differential equations. The nonzero CS coupling constant and the structure of the equations imply that a vortex-like solution must carry both magnetic and electric charges. However, a mathematically rigorous existence result for such solutions has not been established due to some difficulties involved in the equations ([14] , [2] ). Thus the existene of charged vortices in the full YMH-CS models is still an open question.
Recently, the studies of Hong, Kim, and Pac [6] and Jackiw and Weinberg [10] shed new light on the existence problem. It has been argued that in the strong CS coupling limit (x -~ oo), the influence of the Maxwell term can be neglected from the action and the dynamics is still preserved at 77 CHERN-SIMONS SOLUTIONS large distances. The new model admits an interesting reduction similar to that of Bogomol' nyi [1] for the Nielsen-Olesen vortices when the coupling parameters verify a critical condition and the Higgs potential energy density function takes a special form. The equations of motion now become a Bogomol'nyi-type system of the first-order equations which allows the existence of topological solutions. See Wang [18] for a variational proof of existence.
One of the problematical mathematical issues in the vortex models (both classical and CS) is that, unlike monopoles and instantons, there are no known explicit nontrivial solutions. Therefore we have undertaken in this paper to provide a convergent approximation scheme to compute such vortex-type solutions. We will present a monotone iterative method for the computation of the self-dual CS vortices in R2.
The main feature in our approach is that, when the initial function is suitably chosen, the iterative sequence approximates exponentially fast an exact multivortex solution of the CS-Bogomol'nyi system. More precisely, we shall study the scalar semilinear elliptic equation (with source term characterizing the location of the vortices) which is equivalent to the CSBogomol' nyi system. In the first stage of our algorithm, we show that over a bounded domain, a solution may be found as the monotone decreasing limit of an iterative sequence. The sequence has the additional property that it decreases the natural energy functional associated to the scalar semilinear elliptic equation. This property is the key to proving the strong convergence of the sequence and is related to the work of Wang [18] . Next, we show that as the domains are made bigger, the solutions on bounded domains will decrease to a solution in the full R2. In other words, bigger domains provide better approximations. It is interesting to note that the solution obtained this way is "maximal". For example, it gives rise to the largest possible magnitude of the Higgs field (hence we may call such a solution "most superconducting"). This by-product may also give some insight into the uniqueness of the solutions. Since we are approximating a solution in the entire plane, some control of the sequence at infinity must be achieved. For this purpose it is essential to know the asymptotic behavior of finite energy topological solutions in R2. It The decay property (2.6) follows from the finite-energy condition and the self-dual CS equations (2.5) . In fact, (2.5) is an elliptic system. Using an iterated L2-estimate argument as in ([11] , [17] , [21] ), we can prove (2.6).
By (2.6) and the maximum principle, the exponential decay estimates (2.7) for topological solutions may be established without much effort. Then the quantization condition (2.8) can be directly recognized. All these details are skipped here for brievity. The existence part will be worked out in this paper as a by-product of our approximation scheme. In the paper [18] , it appears that the author has found a topological solution. Unfortunately, however, no elaboration on the finiteness of the CS energy or the asymptotic behavior is made there to verify that the solution is indeed topological. Hence we will present our approach in such a way that the construction to follow does not rely on the result in that paper.
THE ITERATIVE COMPUTATIONAL SCHEME
In this section we present an iterative method for the computation of the CS vortices in R2. We discuss the basic properties of the scheme and then prove its convergence. Proof. -Let w be the weak limit of the sequence {03C5(j)} in ( R2 ) .
Then w is a solution of (3.2) satisfying uo -f-w 0. Hence, as in the proof of Theorem 3.5, the right-hand side of (3.2) now lies in L2 (R~). But w G W1,2 (R2 ), so the £2-estimates applied in (3.2) give the result w E W 2 ~ 2 (R~). Thus we see that w = 0 at infinity. In particular w is a solution of the problem (3.17) . On the other hand, let the maximal solution of (3.17) In the sequel we shall denote by v the maximal solution of (3.17) Note. -An analogue of the above convergence theorem for computing the classical self-dual abelian YMH vortices where the governing equations assume a simpler form has been obtained earlier in Wang and Yang [19] .
NUMERICAL EXAMPLES
To test the efficiency of our iterative scheme for computing a topological vortex-like solution of the CS-Bogomol'nyi equations (2.2) and (2.5), here we present several numerical examples. For definiteness, we shall fix the CS coupling parameter x : x = 2. A multivortex solution of (2.5) on R2 will be obtained by using a solution sequence over bounded domains as illustrated in Section 3. We shall take f2 to be a square domain: f2 = ( -a, a) x ( -a, a) and discretize it by equidistant grid points, which results in a finite-difference mesh. We then implement the standard fivepoint approximation algorithm for the boundary value problems of elliptic differential equations to obtain a numerical solution of (3.3) at each iteration step k = n. As usual, the discrete approximation to vn in (3.3) , and so on, at the mesh point (xi ( i ) , x 2 ( j ) ) , will be denoted by vn . For a = 15, the flux takes the value = 1.96376, which slightly improves that with a = 14. Figure 3 also suggests that, when the vortices are far apart, a multivortex solution could roughly be viewed as superimposed single-vortex (symmetric) solutions.
The above examples illustrate exactly the established global convergence results of the paper and thus show that our algorithm can be used as a reliable and efficient computational tool in practice to obtain a topological multivortex solution of the self-dual CS theory. According to Theorem 4.5, the solutions found this way are "most superconducting" in the sense that they give rise to the maximal densities of the Cooper pairs when § is interpreted as an order parameter in the context of superconductivity theory.
The solutions exhibits themselves quite differently from those in the classical abelian Higgs theory. One of the major distinctions is that in the CS case the magnetic field cannot make any penetration through either the normal or completely superconducting regions characterized the second equation in (2.5) or (5.2) due to the special form of the potential energy density of the Higgs field, in which both the symmetric and asymmetric vacua are present.
Note. -The solutions of the anti-self-dual CS system can be obtained from the solutions of the self-dual equations (2.5) by taking "conjugate" (1, ((~*, -A).
